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Abstract

The ‘dam-break’ initial behaviour of an inviscid gravity current which is released from a lock and then propagat
a horizontal boundary at the base of a stratified ambient fluid is considered. Analytical and finite-difference solution
one-layer shallow-water equations are developed and compared for the linear stratification in a rectangular channel
corroborated by numerical solutions of the full two-dimensional Navier–Stokes equations. Extensions of the shallo
solution to non-linear stratification, release from an elliptical reservoir, and axisymmetric geometry are also presen
results indicate that the shallow-water formulation captures well the essential features of the motion, which are qua
similar to the non-stratified case, but with details modified by the stratification; in particular, the forward propagation
head and the backward spread of the depression wave are reduced when the stratification increases.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The dam-break flow of a water reservoir open to the atmosphere is a fundamental, well known and extensively re
problem in hydraulics, starting with Saint-Venant’s solution in 1843, see for example Billingham and King [1]. A closely
fundamental problem appears in the study of the gravity current phenomena which are of interest in a wide range of
and geophysical application (Simpson [2], Huppert [3]). Indeed, the generation of a gravity current by the release of a s
volume of fluid of given density from behind a lock into an ambient fluid of a (slightly) different density is a dam-brea
problem in which the embedding fluid has some influence on the major motion of the released fluid. First, the ‘reduced
(based on the relative density difference) replaces the full gravitational acceleration of the classical water-air configura
second, the gravity current is subject to an additional condition, namely, that the front of the propagating fluid (i.e., the
the current) advances like a “wall” in the embedding fluid, see Klemp et al. [4]. An accepted versatile formulation of the
current flow is via the inviscid shallow-water (SW) approximation, and the dam-break problem provides elegant and in
analytical solutions to these equations. This problem is therefore essential to the understanding of the initial motion of
current and an efficient tool for testing numerical solvers of the SW equations. However, no analytical investigation
dam-break problem for the gravity current in a stratified ambient have been presented, to our best knowledge. We
both of academic and practical importance to close this gap of knowledge concerning this fundamental problem.

Recent investigations of gravity currents in a (linearly) stratified ambient were presented by Maxworthy et al.
by Ungarish and Huppert [6], hereafter referred to as UH. The former presented experimental measurements and
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Fig. 1. Schematic description of the system att = 0. (a) The geometry. Here the horizontal lengths are scaled with the length of the
x0, and vertical lengths are scaled with the height of the lock,h0. (In the elliptic lock system the dense fluid is initially in the doma
0 � z � (−x2 − 2x)1/2, −1 � x � 0.) (b) Density profiles in the current (solid line) and ambient, for linear stratification at various v
of S (dashed lines).

simulations. UH developed the one-layer SW equations and the nose boundary condition, and obtained solutions fo
velocity, uN , during the slumping phase of propagation with constant velocity. These theoretical results concerning
velocity are in very good agreement with the experiments of Maxworthy et al. [5], see Fig. 6 and Section 3 of UH.
not present SW solutions of the current, and therefore a logical step to advance the previous theoretical-analytical w
investigation of the dam-break problem. This study requires a detailed solution of the SW equations during a signific
interval following the release from behind the lock, for which the previously calculateduN will serve as a reliable boundar
condition. The analysis is expected to provide insights into the modeling and understanding of the time-dependent
volume gravity current (or intrusion) in a stratified ambient. We notice that, to our best knowledge, no reliable the
predictive tools are available for the analysis of this phenomenon, and we think it would be beneficial to close the gap
non-stratified well developed counterpart.

These considerations motivated the present work, whose combined objectives are (a) to extend the dam-break pr
gravity current in a stratified ambient, and (b) to extend the study of UH to the initial motion of the entire gravity curr
the solution of the SW equations, and also to non-linear stratifications.

The system under consideration is sketched in Fig. 1: a layer of ambient fluid of heightH and (stable) densityρa(z),
lies above the horizontal surfacez = 0. Gravity acts in the−z direction. In the rectangular case considered here the sy
is bounded by parallel vertical smooth impermeable surfaces and the current propagates in the direction labeledx. A given
volume of homogeneous fluid of densityρc � ρa(z = 0) ≡ ρb and kinematic viscosityν, is initially at rest in a rectangular bo
of heighth0 and lengthx0, bounded by a ‘dam’ (or gate) atx = 0 and a solid wall atx = −x0. We assume that the height
the dense fluid does not exceed that of the ambient. At timet = 0 the dam is instantaneously removed, and a two-dimens
current commences to spread. We assume that the Reynolds number of the horizontal flow,Re, defined below, is large an
hence viscous effects can be neglected. We attempt to predict the shape (position of nose and upper interface) of the
(current) and the main (horizontal) velocity field within.

The structure of the paper is as follows. In Section 2 the shallow-water equations of motion and the appropriate b
conditions are developed. Analytical and finite-difference solutions for the dam-break stage are presented in Section 3,
and non-linear stratifications. Some numerical results of the Navier–Stokes equations are also presented for corrob
the SW predictions. The release from the classical rectangular reservoir is briefly contrasted with release from an
container. In Section 4 concluding remarks are given. The non-stratified counterpart results are summarized in Append
a brief extension to the axisymmetric configuration is provided in Appendix B.

2. Formulation and shallow-water (SW) approximation

The configuration is sketched in Figs. 1 and 2. We use a{x, y, z} Cartesian coordinate system with corresponding{u,v,w}
velocity components, and assume that the flow does not depend on the coordinatey and thatv ≡ 0. Initially, the height of the
released current ish0, its length isx0 and the density isρc . The height of the ambient fluid isH and the density in this domai
decreases withz from ρb to ρo. (The subscriptsb, o refer to bottom and open surface values.)

It is convenient to useρo as the reference density and to introduce the reduced density differences

ε = ρc − ρo
, εb = ρb − ρo

, (2.1)

ρo ρo
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Fig. 2. Schematic description of the current during the initial dam-break stage. (a) Geometry inxz plane; (b) characteristics inxt plane (here
point O is the origin).

and

S = εb

ε
, (2.2)

from which it follows that

ρc = ρo(1+ ε), ρa(z) = ρo

[
1+ εSσ(z)

]
, (2.3)

whereσ(z) represents the form (shape) of stratification, a continuous and typically decreasing (allowing for some pi
constant regions) function ofz ∈ [0,H ], subject to

σ(0) = 1, σ (H) = 0. (2.4)

The most common case is the linear stratification,

σlinear(z) = 1− z

H
. (2.5)

We shall consider only 0� S � 1. The classical homogeneous ambient case is recovered by settingS = 0. We also define the
reference reduced gravity,

g′ = εg, (2.6)

whereg is the gravitational acceleration. The buoyancy frequency is given byN 2 = −g′S(dσ/dz), and, for the linear case
N 2 = g′S/H .

Following UH, we use a one-layer approximation which is expected to capture many of the important features of t
although it discards the internal waves in the ambient, as discussed in Section 2.3. This is the simplest shallow-water m
therefore provides a convenient (perhaps even necessary) idealization for the analytical discussion of the dam-break
dense fluid is separated from the ambient fluid by a sharp interfacez = h(x, t),−x0 � x � xN(t), wherexN(t) is the position
of the vertical nose, assumed a shock discontinuity. The subscriptN denotes the nose of the current. We assume that in
ambient fluid domainu = v = w = 0 and hence the fluid is in purely hydrostatic balance and maintains the initial densityρa(z).
The motion is assumed to take place in the lower layer of dense fluid only,−x0 � x � xN(t) and 0� z � h(x, t). Here the
motion is governed by the balance between pressure and inertia forces in the horizontal direction. We assumeε � 1 and employ
the Boussinesq approximation.

In the motionless ambient fluid, which is open to the atmosphere, the pressure does not depend onx, and the hydrostatic
balances∂pi/∂z = −ρig, wherei = a or c, and use of (2.3) yield

pa(z, t) = −ρo

[
z + εS

z∫
0

σ(z′)dz′
]
g + C, (2.7)

pc(x, z, t) = −ρo(1+ ε)gz + f (x, t). (2.8)

Pressure continuity at the interfacez = h(x, t) determines the functionf (x, t) of (2.8) and we obtain, after some algebra,

pc(x, z, t) = −ρo(1+ ε)gz + ρog′
[
h(x, t) − S

h(x,t)∫
0

σ(z′)dz′
]

+ C, (2.9)

and consequently

∂pc

∂x
= ρog′ ∂h

∂x

[
1− Sσ(h)

]
. (2.10)
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2.1. Governing SW equations

It is convenient to scale the dimensional variables (denoted here by asterisks) as follows

{x∗, z∗, h∗,H∗, t∗, u∗,p∗} = {x0x,h0z,h0h,h0H,T t,Uu,ρoU2p}, (2.11)

where

U = (h0g′)1/2 and T = x0/U. (2.12)

Hereh0 andx0 are the initial height and length of the current,U is a typical inertial velocity of propagation of the nose of t
current andT is a typical time period for longitudinal propagation over a typical distancex0. These scalings are convenient f
comparisons with previous papers on both stratified and homogeneous cases.

Hereafter, dimensionless variables will be used. In our configurationsH � 1.
We employ the inviscid Boussinesq fluid simplifications, under the assumptions that the typical Reynolds numbeRe=

Uh0/ν, is large, and the relative density difference,ε, is small. Thez-average of the horizontal momentum equation, on acc
of (2.10), and in conjunction with volume continuity, produces a system of equations for the height of the interface,h(x, t), and
for the averaged longitudinal velocity,u(x, t). In characteristic form these simplified continuity and momentum equations[

ht

ut

]
+

[
u h

1− Sσ(h) u

][
hx

ux

]
=

[
0
0

]
. (2.13)

2.2. Characteristics and boundary conditions

For the stratification assumed in this study the coefficient matrix of (2.13) has real eigenvalues and a full set of eige
and hence the system (2.13) is hyperbolic, like in the homogeneousS = 0 classical case.

Following the standard procedure, we obtain the characteristic speeds of propagation,

c± = u ± [
h
(
1− Sσ(h)

)]1/2
, (2.14)

and the relationships between the variables on the trajectories with dx/dt = c±,[
1− Sσ(h)

h

]1/2
dh ± du = 0. (2.15)

The initial conditions for the dam-break problem are: zero velocity and unit dimensionless height and length att = 0. The
boundary conditions are: the velocity atx = −1 is zero, and an additional condition for the velocityu is needed at the nos
x = xN(t).

In the classical hydraulic dam-break problem the nose height of the water (that propagates against the negligible res
the embedding air) decreases smoothly to zero atxN(t), and hence the nose velocity follows straightforwardly from the inte
solution, see Appendix A. For the gravity current case the nose, that encounters the resistance of the quite dense e
fluid, is a discontinuity, and the proper boundary condition for the velocity at the nose is essential for a proper physical d
and mathematical closure of the problem, see Klemp et al. [4]. The consensus developed for the homogeneous am
is that the nose of a realistic space- and time-dependent gravity current obeys a local quasi-steady correlation atx = xN(t)

between the heighthN and velocityuN , whose essentials are provided by the idealized balance of flow forces and v
continuity discussed by Benjamin [7].

UH argued that, like in the homogeneous ambient case, the velocity of the nose is proportional to the square-ro
pressure head (per unit mass), and, moreover, that the factor of proportionality, defined as the Froude number,Fr , is provided
by the same correlation as in the homogeneous gravity current. These arguments are supported by the good agreeme
the calculateduN and the experimental values of Maxworthy et al. [5]. We argue that these connections remain valid for
general stable stratification, as considered here. The needed pressure head is given bypc − pa at z = 0 andx = xN , see (2.7)
and (2.9), scaled withg′h0. The resulting nose velocity can be expressed as

uN = Fr(hN )h
1/2
N

× [
1− SΛ(hN)

]1/2
, (2.16)

where

Λ(hN) = 1

hN

hN∫
σ(z)dz, (2.17)
0
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and, in the particular linear stratification case, by (2.5) we obtain

Λ(hN) = Λlinear(hN ) = 1− 1

2

hN

H
. (2.18)

The term in the square brackets of (2.16) is smaller than 1 forS > 0, and expresses the explicit reduction of the driving pres
force on the head due to the stratification effects.

The value ofFr , which is needed to close the formulation, is provided by the semi-empirical correlation derived by H
and Simpson [8]

Fr =
{

1.19 (0� hN/H � 0.075),

0.5H1/3h
−1/3
N

(0.075� hN/H � 1).
(2.19)

Use of this correlation in this analysis is justified by (a) its extensive use in various non-stratified predictions, and h
are able to straightforwardly recover this case forS = 0, and (b) the good agreement (typically within 5%) of the SW velo
of propagation,uN , with laboratory and numerical experiments reported by UH (see Fig. 6 and Sections 3 and 4 there
agreements were obtained, without any adjustable parameter, over a wide range of the parametersS andH (one can argue
that (2.19) contains an experimental adjustment, but this has not been introduced by UH). We emphasize that the s
analysis of the dam-break flow is not affected by the exact form of the closure correlation (except for some minor nu
details) and hence the conclusion remain valid for a more generalFr(hN ).

2.3. Discussion

The foregoing closed formulation of the one-layer SW model for a quite general stratification is a versatile tool
be easily extended to dam-break release from non-rectangular reservoirs, see Section 3.3, and axisymmetric con
(Appendix B). Moreover, this formulation is also effective in the investigation of intrusions (see [9]) and formation of
in rotating systems (see [10]). The stratification enters the model by two effects: (a) the pressure gradient in the m
equation is reduced asS increases (this also affects the velocity and balances on the characteristics); and (b) the ve
the nose is reduced asS increases. The simplifying assumptions introduced during the derivation of the model are ex
to impose restrictions on the range of applicability and accuracy of the model. These limitations cannot be firmly ass
this stage, but we rather expect that they will be inferred eventually by the interpretation of the results and compari
numerical and laboratory experiments (if and when available).

The assumption of unperturbedρa(z) above and in front of the current gives rise to concerns, as follows. First, in
configurations some density perturbations are expected because of the presence of internal gravity waves. The velo
leading linear waves in the unperturbed fluid (Baines [11]) is, in the present scaling,

uw = ± 1

π

√
SH (2.20)

and a gravity current may be subcritical,uN < uw , or supercritical,uN > uw , during the initial slumping stage (dependi
on H andS). One may therefore argue that the effect of the waves is insignificant for supercritical currents; this is co
with experimental observations. Moreover, there is experimental evidence that even in the subcritical case the wave
influence the motion only after a significant distance of propagation (see [5], Fig. 6), which we can estimate as fol
analogy with the “small amplitude topography” analysis of Baines ([11], Section 5.2), we can consider the dense fluid
as an obstacle at the bottom of a moving bulk of stratified fluid. Hence the typical wave-length of the perturbation in the
scaled withx0, is λ = 2π(H/S)1/2(h0/x0)uN (consistent with the observation of [5] Fig. 14 for the subcritical regime).
inherent time-dependent shape of the current during the relatively short slumping phase renders the steady-state fea
classical investigations of the stratified flow over a fixed obstacle, and in particular Long’s model results, irrelevant to the
problem. We use instead the empirical observation of [5] about waves that develop during the initial propagation. The fi
is initially locked to the head, but after a while a second wave is generated, and next a relative motion begins between
and first wave. The head moves with the original velocity,uN , during the formation of the first and second wave, and for
additional period of time required for the trough of the first wave to catch up the nose. This observation leads to the
that in subcritical currents the distance of propagation before the first head-wave interaction occurs is 4π(H/S)1/2(h0/x0)uN ,
approximately (i.e., two wave-lengths; this estimate is consistent with the experiments of [5]). The conclusion is tha
defined initial slumping motion with constant velocity over a significant distance is expected for both sub- and supe
currents, with little influence from the internal gravity waves. Second, the streamline of the moving head is expected t
the encountered isopycnals toz ≈ hN . This local modification of the density is expected to make a minor contribution to
global relevant pressure balances, at least for a deep ambient configuration,H � 1.

The nose condition assumption (2.16) can be firmly justified only in theS = 0 limit, on account of the theoretical steady-st
analysis of Benjamin [7], and various subsequent tests and modifications, as discussed by Rottman and Simpson [12
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and Simpson [8], Klemp et al. [4] and Ungarish and Zemach [13]. A theoretical result similar to Benjamin’s can be
for the more generalS > 0 case, e.g. via the solution of Long’s steady-state inviscid model, but this complex task is b
the scope of the present investigation, and in any case the relevance of this solution to the propagation of a time-d
current is not obvious (see Baines [11]). The initial-value and the steady-state results of gravity current problems c
straightforwardly matched; typical difficulties of “reconciliation” between the corresponding formulations are discus
Klemp et al. [4]. It turns out that some trial-and-error is necessary, and in this spirit we employ (2.16), because: (a)
plausible closure formula, based on valid physical arguments, that involves the necessary dimensionless paramete
be easily replaced in the methodology of solution with other formulas when available. (b) This closure provided ve
agreements with experiments for the initial slumping velocityuN , for a wide range ofS and H , as detailed in UH. Such
agreement cannot be a coincidence, and hence we are confident that this formula captures correctly the correlation b
involved variables. We expect that the dedicated theoretical studies of the steady-state nose motion will end up with a
supports our formula, otherwise it will be difficult to bring them into accord with available measurements.1

Thus, in spite of imperfect assumptions and possible formal restrictions on the range of applicability, we think that
theory is an acceptable starting point for the solution of the time-dependent gravity current. Criticism and improvem
expected to develop in the process of solution and application in various circumstances. We must keep in mind that our
for performances must be the corresponding non-stratified one-layer SW model. We shall see that, in spite the aforem
concerns and restrictions contributed by the stratification of the ambient, the overall predictive powers of the classicS = 0
one-layer SW approximation are quite straightforwardly extended to the stratified ambient case, for the time intervals
to the dam-break problem, at least.

3. Solutions

The numerical solution of the SW equations was performed by a finite-difference Lax–Wendroff scheme [14,1
method has been used successfully for non-stratified(S = 0) gravity currents in various circumstances (Bonnecaze et al.
Ungarish and Huppert [17]) and here the necessary modifications of the equations for 0< S � 1 and boundary conditions wer
made. The domain−1 � x � xN(t) was mapped into 0� y � 1, and the latter discretized into equidistant intervals. In
work we used a grid with 200 intervals and time step 1/200. The results will be presented later.

Of particular interest to the present study are the analytical features of the solution, derived by the method of chara
The typical expected behaviour that guides the analysis is presented in Fig. 2, in the physical planexz and in the characteristi
planext . PointW represents the fixed position of the wall (x = −1). PointsL andM represent the moving loci of the end
the unperturbed domain and start of nose-dominated domain. The interfaceh(x, t) is inclined in theLM domain. The letterN
represents the moving nose. PointO is the originx = 0, t = 0 in the characteristic plane. We remark thatM is not necessarily
to the right of the origin as sketched in Fig. 2.

Considering (2.15) we define

Υ (h) =
h∫

0

[
1− Sσ(h′)

h′
]1/2

dh′, (3.1)

and consequently the balance on the characteristics (2.15) can be integrated to yield

u + Υ (h) = Γ+, (3.2)

u − Υ (h) = Γ− (3.3)

for the trajectories dx/dt = c±, see (2.14), on whichΓ± are constants.
TheWOL characteristic region is covered by characteristics that start att = 0 in the domainx < 0 and carry the information

u = 0 andh = 1, i.e.,Γ+ = −Γ− = Υ (1). Substitution of these conditions in (3.2), (3.3) yieldsu = 0 andh = 1 in the entire
WOL domain. The characteristics that carry these values are straight lines, and the largestx of the pertinent domain is give
by the lineOL:

xL(t) = c−t = −[
1− Sσ(1)

]1/2
t. (3.4)

We conclude that the stratification decreases the speed of backward propagation of positionL. The result (3.4) is valid for
t � [1− Sσ(1)]−1/2, until L reaches the wall atx = −1. This occurrence can be considered the end of the dam-break sta

1 We may recall that in theS = 0 case Benjamin’s rigorous result was preceded by a similar formula derived about 30 years earlier
Kármán from simplified arguments.
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Consider the solution of (3.2), (3.3) in theLOM domain of characteristics. Assume thatc+ characteristics from the abov
mentionedWOL domain enter the present domain, i.e., onc+

u + Υ (h) = Υ (1), (3.5)

while thec− characteristics are emanated from pointO as a fan with various initialh, i.e.,

u − Υ (h) = Γ− (hN � h � 1) (3.6)

on

dx

dt
= c− = u − [

h(1− Sσ(h)
]1/2

, x(0) = 0. (3.7)

The intersection of (3.5) and (3.6), and use of (3.7) yield, again,

u = Υ (1) − Υ (h) = const (3.8)

andh = const on the ray

x

t
= u − [

h
(
1− Sσ(h)

)]1/2
. (3.9)

If (x/t) is a monotonic decreasing function ofh, the lineOM is given by (3.8) and (3.9) withh = hN .
Finally, the abovementionedc+ characteristics are expected to enter the characteristic regionMON whereu = uN and

h = hN . The intersection of (3.8) with (2.16),

uN = Υ (1) − Υ (hN) = Fr(hN )h
1/2
N

× [
1− SΛ(hN)

]1/2
, (3.10)

provides the value ofhN . The c− characteristics in theMON domain are lines parallel toOM and carry the consisten
informationu = uN , h = hN .

The essential dependency ofh andu in the characteristic domainLOM is on (x/t), i.e., it contains the similarity of the
classical problem. Thus, the scaling lengthx0 can be chosen arbitrary to describe the motion untilL encounters the back wall

An inspection of the results shows that for the quite general stable stratificationσ(z) assumed here, both velocitiesc− andu

are monotonic functions ofh in the characteristic domainLOM ; actually, bothc− andu increase ash decreases from 1 tohN .
At all positions of interest thec+ velocity is larger thanu. This confirms the assumption that the domain of the gravity curre
covered by the considered characteristics. Also, this proves that no discontinuities ofh or u develop in the solution of 0< S � 1
cases, similar to the classicalS = 0 case.

Indeed, for S = 0 the classical non-stratified dam-break solution is immediately recovered from (3.1)–(3.10
Appendix A. There are, however, interesting differences in the details of the motion between theS = 0 andS > 0 cases.
In general, forS > 0 the solution in the characteristic domainsLOM and MON requires numerical evaluation ofΥ (h)

andΛ(hN), but analytical results can be derived for thelinear case, see (2.5), to which we now proceed.

3.1. Linear stratification,σ(z) = 1− z/H

ConsiderS = 1. In this case (3.1) and (3.8) yield

Υ (h) = 1√
H

h, u = 1√
H

(1− h) (0� h � hN) (3.11)

whose substitution in (3.9) and arrangement give

h = 1

2

(
1− √

H
x

t

)
, u = 1

2

(
1√
H

+ x

t

)
, − 1√

H
� x/t � 1√

H
(1− 2hN) (3.12)

in the regionLOM .
The value ofhN is provided by (3.10) and (2.18)

uN = 1√
H

(1− hN) = Fr(hN )
hN√
2H

, (3.13)

and the results are plotted in Fig. 3. In particular, forH > 7.4, Fr = 1.19 and (3.13) giveshN = 0.543. The same equation an
results forhN anduN have been obtained by UH without solving the details of the region behind the nose.

A typical comparison between the analytical and numerical dam-break results is shown in Fig. 4. The agreeme
expected, excellent, which provides a straightforward verification of both solutions. The remarkable features for th
stratification withS = 1 are (a) the profile ofh vs x in the LM domain is linear, in contrast to the parabolic shape in
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kward
Fig. 3. Linear stratification,hN anduN as a function ofS for variousH .

Fig. 4. Analytical (lines) and SW numerical (symbols) results, ofh(x) andu(x) at t = 0.5,1.0,1.5, for linear stratification andH = 3. S = 1
(upper figures) andS = 0.5 (lower figures).

S = 0 case, see (A.3), and (b) positionM (i.e., the start of the rectangular region which trails the nose) propagates bac
(hM = hN > 0.5 for all H � 1).

Consider 0< S < 1. The manipulation of (3.1) suggests the transformation

A = (1− S)

√
H

S
, ξ = ξ(h) =

[
1+ A

(
H

S

)1/2 1

h

]1/2
, (3.14)

and, after some algebra, we obtain

Υ (h) = Af (ξ) (3.15)

where

f (ξ) = ξ

ξ2 − 1
+ 1

2
ln

ξ + 1

ξ − 1
. (3.16)

Substitution in (3.8)–(3.9) gives, for the characteristic domainLOM ,

u = u(ξ) = A
[
f (ξL) − f (ξ)

]
,

x = A

[
f (ξL) − f (ξ) − ξ

]
(ξL � ξ � ξM), (3.17)
t ξ2 − 1
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whereξL = ξ(1) andξM = ξ(hN ) (recall thathM = hN ).
The value ofhN is provided by (3.10) and (2.18)

uN = A
[
f (ξL) − f (ξN )

] = Fr(hN )h
1/2
N

×
[
1− S

(
1− 1

2

hN

H

)]1/2
, (3.18)

and the results are displayed in Fig. 3. Again, a similar equation and results forhN anduN have been obtained by UH withou
solving the details of the region behind the nose.

The analytical predictions for the dam-break propagation for the caseS = 0.5, H = 3 and comparison with the numeric
solution of the SW equations are shown in Fig. 4. The agreement between the analytical and numerical solutions
before the backward-moving waveL reaches the wall atx = −1. Afterwards, the forward-moving reflected wave, not captu
by the present analytical solution, influences the interface near the wall. Again, pointM propagates backward, like in th
previousS = 1 case. Actually, for theS = 1 caseuM < 0 for all H , but for smallerS and largeH , uM may be positive. (We
emphasize that the details given here are for the presentFr correlation.)

The foregoing results are encouraging because they display acceptable physical behaviour and trends of the dam-b
of the gravity current, and are a quite straightforward extension of the homogeneousS = 0 case. It is of course important
strengthen the agreement with the true physical system. The experiments of [5] confirm the existence of motion with
uN during the initial stage of propagation, in accordance with the dam-break prediction, and the quantitative agree
the theoreticaluN with these experiments has been assessed by UH. However, these experiments were not concerne
with the initial dam-break behaviour. We use here “numerical experiments” to gain some insight into this issue. The sim
is performed via a finite-difference solution of the Navier–Stokes equations in two dimensions, formulated for the v
(u,w,p,φ), whereφ is the reduced density function whose value is 1 in the current, and 0 at the top andS at the bottom of the
ambient, respectively. No slip conditions are applied on the bottom, back and front boundaries of the container (tank),
top boundary of the container is treated as a frictionless lid. This makes the simulation compatible with real rectangu
tank laboratory systems. Forward-time and central-space discretizations are used in the continuity and momentum
and MacCormack’s forward–backward explicit method is used for the density function convection equation to prevent
oscillations at the interface. More details about this code are described in UH. The numerical code has been used an
in various problems of gravity currents and stratified flows (UM, [18,19]). By numerical tests and analysis we estim
the numerical errors of the velocity field in the currents simulated here are less than 1%. We consider currents withH = 3,
S = 1 and 0.5 whose SW results were discussed above. Corresponding results for the non-stratifiedS = 0 case are also given i
Appendix A. In the simulationsε = 0.05 andRe= Uh0/ν = 8333; the initial aspect ratiox0/h0 = 4, the horizontal length o
the channel is 3.5, the grid is 200× 200, and the time-step 0.001. This configuration is compatible with laboratory salt-wa
experiments in an open tank of about 30 cm× 150 cm (height× length) and at least 10 cm width.

Density contour plots att = 1 and 1.5 are displayed in Fig. 5 (see also Fig. 12 in Appendix A). The Navier–Stokes
ulations display a fair global agreement with the SW predictions. The dense fluid displays, after a quick adjustment
flow-field domains that can be identified with the regions of Fig. 2:MN following the head,LM with inclined interface, and
unperturbedLW . The nose is a prominent discontinuity and propagates with velocity close to the predicteduN . Indeed, the SW
predictions are that att = 1.5 the nose is atxN = 0.33 and 0.71 for S = 1 and 0.5, respectively (see Fig. 4), which is in ve
good agreement with the position of the nose obtained in the Navier–Stokes simulations, Fig. 5. The head is higher a
for the largerS case. The depression wave of the interface reaches the wallx = −1 at (approximately) the time predicted b
the SW theory. However, the shape on the interface in domainLM differs from the SW predictions, perhaps as a result of
strong shear about the interface in the real flow. We emphasize that this discrepancy between the SW and Navier–Sto
is also observed in the homogeneousS = 0 case.

Contour lines of the simulatedu(x, z, t) fields att = 1 and 2 are shown in Fig. 6 (see also Fig. 13 in Appendix A).
comparison with the SW results (see Fig. 4) indicates fair agreement in theWM (practically,x < 0) domain; however, in
the domain of fluid that trails the noseu displays some fluctuations about the constant (average) value predicted by t
theory. This is not surprising, since the nose of a real gravity current is known to be a very complicated flow-field (S
and Britter [20], Härtel et al. [21]), and the SW theory lumps this behaviour in an idealized jump condition. We emphas
this deviation from the SW theory is not a result of the stratification; in this respect, the non-stratifiedS = 0 simulations are no
different from theS = 1 and 0.5 cases.

Fig. 5 shows that, as expected, the release of the current in the stratified ambient produces significant perturbati
ambient density field, in particular above the head. This effect is omitted in the present one-layer SW formulation. The
internal wave velocity is, see (2.20), 0.55 and 0.40 for theS = 1 and 0.5 cases presented here, while the correspondinguN

is 0.22 and 0.47. Therefore, theS = 1 case is “subcritical” and the second one “supercritical”. In the first case, the elevat
the density contours from the initial position is more pronounced, but in the time interval displayed here this difference
real significance to the motion of the current. In both cases, the major deviation of the density contours from the initia
above the nose – then this line returns to its initial height, approximately, atx = 0. The SW theory predicts thath = h = const
N
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Fig. 5. Navier–Stokes numerical results: contours of the density functionφ = [ρ(x, z, t) − ρo]/(ερo) at two times, forS = 1 (upper figures)
and 0.5 (lower figures). In both casesH = 3. (Recall that att = 0: in the dense fluidφ = 1, while in the ambientφ = 0 at the top andφ = S at
the bottom.)

in this region (0< x < hN , approximately) and that the density of the ambient above it is the unperturbed one at this
This seems to be a fair approximation, on the average above the head, for the time periods considered here. Also, w
that the perturbation of density in front of the current head is small at these times. Consequently, the global press
driving force balance calculated from the unperturbed hydrostatic balance can be expected to remain validity in sp
local density waves. This vindicates the use of (2.10) and (2.16) during the initial period of propagation for both subcrit
supercriticaluN .

Indeed, as mentioned in Section 2.3, the waves interact with the head when its speed is “subcritical”, but the first s
effect occurs after a distance of propagation of at least 4π(H/S)1/2(h0/x0)uN ≈ 1.2 in the example, and the time to th
occurrence is 5.5 at least. The time of formation and propagation of this interaction effect exceed the pertinent dam-bre
interval, and we therefore expect that these waves do not affect the presently investigated dam-break motion. We thin
present results indicate that in many interesting configurations the waves can be added to the flow-field of this model
stage of propagation, but this is a quite complicated topic that we leave for future investigation.

3.2. Non-linear stratification

In practical circumstances the density of the ambient,ρa = ρo[1 + εSσ(z)], is not necessarily a linear function ofz. For
example, sampling the fluid in an experimental tank after the double-bucket filling procedure, often reveals some d
from the idealized linearσ(z). Diffusion is able to eventually linearize the profile, but this requires the postponement
experiment for several hours, typically. The present formulation allows the incorporation of a non-linearσ(z), as follows. The
analytical results (3.4)–(3.10) remain valid. However, the integralsΛ(hN) andΥ (h), see (2.17) and (3.1), require, in gener
a numerical evaluation for a non-linearσ(z). This is a straightforward task (including, of course, cases of measured profi
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Fig. 6. Navier–Stokes numerical results: contours of the horizontal velocityu(x, z) at two times, forS = 1 (upper figures) and 0.5 (lowe
figures). In both casesH = 3.

Fig. 7. Analytical results ofh(x) andu(x) at t = 1, for S = 0.5, H = 3, different stratifications: (a)σ(z) = 1− (z/H) + 0.5(z/H)[1− (z/H)],
full line; (b) σ(z) = 1− (z/H) − 0.5(z/H)[1− (z/H)], dashed line; (c) linearσ(z) = 1− (z/H), dotted line.

Here we briefly illustrate the influence of this effect on the dam-break flow results. We consider, again, the caseS = 0.5,
H = 3. Now we incorporate in the analysis deviations about the linear stratification, namely, we produce solutions for
density functions

σ(z) = σlinear(z) ± 0.5(z/H)
[
1− (z/H)

]
.

The influence of the last term is shown in Fig. 7 via a comparison to the linear case. The decreasedσ(z) (i.e., when the
minus sign in the previous equation is taken) produces largeruN and |uL|, and vice-versa. This could be anticipated: wh
the deviation is towards the homogeneous ambient, the flow tends to the homogeneous case results. For both the± non-linear
density deviations, the quantitative deviations ofh andu results from the behaviour predicted for the linear stratification
relatively small. This is because the contributions of the tested non-linear terms to the integrals (2.17) and (3.1) turn



M. Ungarish / European Journal of Mechanics B/Fluids 24 (2005) 642–658 653

modated

uration.
urrent is
ights

(and hence
ro. We

r, some
t

ur of
.
ate that

e from a
oir, and a
he

cant

e

tangular
9)
d
ular case.

f the
.3

inviscid
g

ar. While
a
d by
a
. 9(b)
ant
is equal

leased
small. This result is expected to be typical. Evidently, a more complex non-linear density profile can be easily accom
by the present procedure if necessary in the interpretation of experimental and environmental data.

The non-linear stratification features may also be of interest in future studies on the stability of the flow.

3.3. Elliptical (or cylindrical) lock

The rectangular lock reservoir used in the foregoing investigation of the dam-break problem is a very special config
An interesting question is what changes and similarities in the resulting flow field are expected when the gravity c
released, again in a two-dimensionalxz configuration, but from a lock (reservoir) of a different shape. To gain some ins
we consider an elliptical (or cylindrical) reservoir, i.e. the initial condition

h(x, t = 0) = χ(x) = (−x2 − 2x)1/2 (−1� x � 0). (3.19)

This shape may be relevant to atmospheric and oceanic currents generated by the collapse of a naturally produced
more likely of a round shaped than rectangular initial contour) mixed region of stratified fluid. The initial velocity is ze
consider the linearly stratified ambient.

A closed analytical solution by the method of characteristics like in the rectangular problem is not feasible. Howeve
simple useful approximations for the initial motion can be obtained. We attempt an expansion ofu and of the displacemen
of the interface in powers oft (for t � 1). Substitution in the governing equations (2.13) yields the leading terms (fort � 1,
−1� x < 0)

u = (x + 1)

[
S

H
+ 1− S

χ(x)

]
t, (3.20)

h = χ(x) − 1

2

[
1− S − S

H

2(x + 1)2 − 1

χ(x)

]
t2. (3.21)

(The next terms are O(t3) for u and O(t4) for h, but the coefficients are cumbersome.) The (quite weak) singular behavio
the time dependent terms asx → 0− is relaxed by the development of a nose of increasing heighthN that propagates forwardly
The details cannot be obtained from this approximation, but continuity with (3.20) and characteristic balances indic
hN ≈ 0.5t . The approximation (3.20), (3.21) points out the essential differences between the flow-fields after releas
rectangular and a cylindrical lock. In the former case, the perturbation propagates slowly from the nose into the reserv
(shrinking) domain of unperturbed fluid (h = 1, u = 0) can be found for some time (t ≈ 1) after release. In the latter case, t
motion begins instantaneously in the entire body of dense fluid. The interface descends near the endwallx = −1 and rises in the
frontal region, whileu develops an increasing withx profile. The obvious reason for this behaviour is the fact that a signifi
horizontal pressure gradient exists in the stationary dense fluid in the elliptical lock (proportional to the initial dh/dx) while
in the rectangular lock this effect is absent. The stratification of the ambient, represented byS, reduces the initial effect of th
pressure gradient.

The finite-difference solution of the SW equations for this configuration by our code (developed for the classical rec
lock) turned out to be a straightforward task. The numerical initial conditions forh were changed to values provided by (3.1
for the internal grid points, and a small non-zerohN (typically 0.01) was taken atx = xN = 0. The results were subjecte
to various convergence tests and we concluded that the numerical accuracy is similar to that of the classical rectang
Results for a configuration withS = 0.5 andH = 3 are presented in Figs. 8 and 9.

Fig. 8 depicts the behaviour ofh andu for small t . We can see that approximate results capture well the features o
initial behaviour in the domain−1� x < 0. The numerical SW results show thathN increases quickly from zero (the value 0
is reached att = 0.6). During the initial time the maximum ofu in the dense fluid is attained atx ≈ 0. Overall, the foregoing
interpretation of the initial motion as a result of the pressure gradient is confirmed. The initial motion predicted by the
SW model displays strong velocity gradients in the domain 0< x < xN . This will certainly involve viscous smoothing, mixin
and hindrance effects in a real fluid.

Fig. 9 illustrates the behaviour of the current at more advanced times, when some rather surprising features appe
the rear part of the interface (−1 � x < 0) descends and flattens horizontally,hN increases until it attains the value of
slumping rectangular counterpart, cf. Fig. 4, att ≈ 2. However, thec+ characteristics that reach the nose are emanate
a domain of varyingu andh, and therefore this value ofhN cannot be maintained. Indeed, afterwardshN decreases, and
rectangular region of constanth (like that which trails the nose in the rectangular-lock case) does not develop. In Fig
we see that the velocity of propagation,uN , has a clear acceleration–deceleration behaviour, as opposed to the constuN

which appears in the rectangular-lock case. However, the maximal velocity of the nose in the cylindrical-lock case
to uN of the slumping rectangular-lock current. Again, a stage of constantuN does not develop, but we note that for 1< t < 3
the values ofu do not differ much from the maximum. Practically (i.e., for experimental verifications) the currents re
N
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Fig. 8. Cylindrical-lock release forS = 0.5, H = 3, profiles ofh andu as functions ofx at various times. SW numerical results (solid line) a
analytical approximations (dashed line).

Fig. 9. Cylindrical-lock release forS = 0.5, H = 3, SW numerical results. (a) Profiles ofh as a function ofx at various times; (b)uN as a
function of time (solid line), and also shown the values for the rectangular-lock counterpart (dotted line).

Fig. 10. Cylindrical-lock release forS = 0.5, H = 3, Navier–Stokes numerical contours of the current at various times, forh0/x0 = 1.

from cylindrical and rectangular locks are expected to display very similar distances of propagation (the values ofxN at t = 5
are 2.21 and 2.35, respectively), although the volume of the former current is by about 21% smaller. The main difference
be a more pronounced acceleration–deceleration pattern, with a sharp maximum, for the cylindrical lock.

Navier–Stokes simulated profiles of the current, forS = 0.5, H = 3, h0/x0 = 1 andRe= Uh0/ν = 1.7× 104, are presented
in Fig. 10. These results corroborate the global insights provided by the SW analysis. The SW model captures well the
of the cylinder to first flatten to an approximately rectangular shape, then of the bulk inx < 0 to become thinner than th
front. The development of the flow in the NS simulations is slightly slower than in the SW prediction. The mean velo
propagation in the time interval 1 to 4 is about 0.40 in the NS simulation, about 10% less than the SW prediction. Thi
attributed to the viscous effects which are expected to play a significant role during the initial stage, when the head is
the velocity is small. On the other hand, it is encouraging to note that the theory provides useful results even for theh0/x0 = 1
cases (although, formally, the SW results are restricted toh0/x0 � 1).

4. Concluding remarks

The dam-break problem solution for the release of a gravity current has been extended to the case of a stratified
We showed that the one-layer shallow-water (SW) formulation of UH, extended here to non-linear stratifications, is a
to analytical solutions (by the method of characteristics). For linear stratification closed formulas were obtained, an
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more general case some simple numerical quadratures may be necessary for expressing the height of the interfaceh, and the
velocity, u, as functions ofx and t . The SW equations were also solved by a finite-difference Lax–Wendroff scheme
comparisons show excellent agreement with the analytical predictions. In the limit of zero stratification (S = 0) the classica
one-layer dam-break solution is identically recovered.

Qualitatively, the stratified and non-stratified cases are similar: after the removal of the gate atx = 0, three regions form
instantaneously: a shrinking domain of unperturbed fluid on one side (x < 0), a domain of constant heighthN and velocityuN

on the other side (x > 0), and in between a matching domain of continuously varyingh andu. The details depend on th
magnitude and shape of stratification,S andσ(z). In particular, the rate of propagation of the current and shrinking of
unperturbed region are reduced whenS increases. For linear stratification in which the density of the ambient at the b
equal to that of the current (S = 1), h displays a linear dependency onx in the matching region, quite different from th
parabolic profile in the classicalS = 0 case. No internal discontinuities (shocks) develop.

The present results provide (a) insights into the initial behaviour of the current and influence of the main dimen
parameters, (b) a convenient tool for the validation of numerical codes, and (c) a reliable starting flow-field for the inves
of additional effects, such as waves, stability and mixing. The effect of non-linear stratification is of interest in the interp
of experimental and environmental data for which deviations from the linear stratification are common. Moreover, the
SW results provide the link between the slumping motion of the nose predicted by UH and the motion in the entire bulk
fluid. The good agreement between the predicteduN and the experiments of Maxworthy et al. [5] reported by UH strengt
the physical relevance of the theoretical analysis.

The classical dam-break configuration considers a rectangular reservoir of dense fluid. We contrasted it with the
behaviour of release from a cylindrical lock. In the second case a pronounced acceleration–deceleration velocity of pro
is expected (in the time interval for which the first case displays a constant velocity). The maximal velocity of propagat
the effect of stratification, are the same for both cases.

Additional support to the SW insights has been provided in this work by numerical solutions of the full Navier–
equations. Overall, the essentials of the motion are captured well by the averaged simplified SW model, and, in our
the performances of the model are the same forS = 0 and 0< S � 1 during the dam-break time interval, at least. Howev
there are some features that require further attention. Experiment and the Navier–Stokes solution indicate that the rele
current produces significant perturbations in the ambient density field, in particular above the head. The propagation
stratification waves created by the dam-break is an interesting topic for future investigation, perhaps along the lines of
and Hughes [22] and of Baines [11] (regarding the current as an obstacle at the bottom of a moving stratified fluid)
coupling between the current and the waves produces a formidable analytical problem. There is experimental and
evidence (see [5,9]) that these waves may interact eventually with the head of the current and hinder its propagation. H
the present investigation of the dam-break initial stage of motion no significant difference between subcritical and sup
currents was detected.

The present SW formulation uses the one-layer model, which discards the motion of the ambient fluid and thus pre
investigation of coupling effects between the upper and lower layers of fluid. In non-stratified circumstances the influ
the upper layer is very significant for configurations withH < 2, as pointed out by Rottman and Simpson [12], Klemp et al
and Ungarish and Zemach [13]. These studies show that the influence of the upper layer is quite accurately reproduc
two-layer SW model. WhenH < 2, the most pronounced feature during the dam-break stage is the formation of a bac
moving discontinuity (jump) ofh at positionL (which is subsequently reflected atx = −1 as a forward-moving bore). I
addition, whenH approaches 1, the slumping distance of propagation with constantuN is significantly prolonged, and in som
circumstances the maximum velocity of thec+ characteristic imposes choking limitations on the propagation of the nose
one-layer model misses these effects forH < 2, but predicts fairly well the initial velocity of propagation. For largeH (� 3,
say) the differences between the two and one-layer models are rather academic. For the stratified case the correspon
and deficiencies of the one-layer model forH < 2 (say) are not known. The big theoretical challenge here is the formul
of a clear-cut two-layer SW model. In the homogeneous ambient it makes sense to represent the motion in the upper
z-independent vertical velocityu2(x, t) = −u(x, t)h(x, t)/[H − h(x, t)]. The straightforward extension of this approximati
to the stratified ambient is not expected to be valid because of the resistance to horizontal displacements and formatio
and critical layers, see [11]. In any case, the one-layer model remains relevant in the investigation of the dam-break
because it is amenable to analytical solutions which provide useful insights and guidelines.

These topics are left for future work. The precise formulation of the nose condition in a stratified ambient is also
that needs additional investigation in analytical, experimental and numerical directions. The condition used in this w
be replaced with other correlations when available. This allows the practical verification of new suggestions, and
improvement of the present model.

The release of a gravity current from a cylindrical container into a stratified ambient is the axisymmetric counterpa
foregoing investigation. This problem is also of interest, but not amenable to simple analytical solutions because of a
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curvature terms in the equations of motion. On the other hand, the Lax–Wendroff solver can be extended to this geome
typical results are given in Appendix B.
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Appendix A. Non-stratified S = 0 results

In this case (3.1) gives

Υ (h) = 2
√

h (A.1)

and hence in the characteristicMON domain, according to (3.8), (3.9),

u = 2(1− √
h), on

x

t
= 2− 3

√
h (hN � h � 1). (A.2)

This can be reformulated as

h = 1

9

(
2− x

t

)2
, u = 2

3

(
1+ x

t

)
, −1� x

t
� 2− 3

√
hN . (A.3)

In Saint-Venant’s solution of the water-air dam break the nose condition is simplyhN = 0.
For the gravity current that propagates into a fluid of slightly different density, the value ofhN is provided by (3.10)

2(1− √
hN) = Fr(hN )

√
hN . (A.4)

Results of the SW formulation are presented in Fig. 11. The backward-moving expansion wave reaches the wallt = 1,
which explains the discrepancy between the present analytical and Lax–Wendroff solution at later times.

Results of the Navier–Stokes solution (for details see Section 3.1) are presented in Figs. 12 and 13.

Appendix B. Axisymmetric configuration

Consider an axisymmetric cylindrical configuration similar to that of Fig. 1. The axis of symmetry,z, replaces the wall
Let r be the radial coordinate. The radius of the lock cylinder,r0, is used to replacex0 in the scaling (2.11), (2.12). (Roughl
r replacesx + 1 in previous notation.)

The governing SW equations are given by the system (2.13) with the modifications: (a) thex derivatives changed tor
derivatives, and (b) the RHS of the continuity equation is−uh/r . The characteristic velocities are not affected, but that curva
term contributes−a(h)uhdt/r to the RHS of the characteristic balance (2.15), wherea(h) is the coefficient of dh in (2.15). The
previous analytical solutions of the SW equations could not be extended to this case, but the numerical Lax–Wendro
was modified to incorporate the additional terms. Results are presented in Fig. 14 for the same parameters as Fig. 4
time intervals after release the rectangular and axisymmetric dam-break flows are very similar, but eventually the c
terms introduce significant differences.

Fig. 11. Analytical (lines) and SW numerical (symbols) results, ofh(x) andu(x) at t = 0.5,1.0,1.5, for non-stratifiedS = 0 case.
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Fig. 12. Navier–Stokes numerical results: contours of the density function at two times, forS = 0 andH = 3.

Fig. 13. Navier–Stokes numerical results: contours of the horizontal velocityu(x, z) at two times, forS = 0 andH = 3.

Fig. 14. Linear stratification, axisymmetric case, SW numerical results ofh(r) andu(r) at various times, forH = 3, S = 1 (upper) andS = 0.5
(lower).
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