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Abstract

The ‘dam-break’ initial behaviour of an inviscid gravity current which is released from a lock and then propagates over
a horizontal boundary at the base of a stratified ambient fluid is considered. Analytical and finite-difference solutions of the
one-layer shallow-water equations are developed and compared for the linear stratification in a rectangular channel case, anc
corroborated by numerical solutions of the full two-dimensional Navier—Stokes equations. Extensions of the shallow-water
solution to non-linear stratification, release from an elliptical reservoir, and axisymmetric geometry are also presented. The
results indicate that the shallow-water formulation captures well the essential features of the motion, which are qualitatively
similar to the non-stratified case, but with details modified by the stratification; in particular, the forward propagation of the
head and the backward spread of the depression wave are reduced when the stratification increases.
0 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The dam-break flow of a water reservoir open to the atmosphere is a fundamental, well known and extensively researched
problem in hydraulics, starting with Saint-Venant's solution in 1843, see for example Billingham and King [1]. A closely related
fundamental problem appears in the study of the gravity current phenomena which are of interest in a wide range of industrial
and geophysical application (Simpson [2], Huppert [3]). Indeed, the generation of a gravity current by the release of a stationary
volume of fluid of given density from behind a lock into an ambient fluid of a (slightly) different density is a dam-break type
problem in which the embedding fluid has some influence on the major motion of the released fluid. First, the ‘reduced gravity’
(based on the relative density difference) replaces the full gravitational acceleration of the classical water-air configuration; and
second, the gravity current is subject to an additional condition, namely, that the front of the propagating fluid (i.e., the nose of
the current) advances like a “wall” in the embedding fluid, see Klemp et al. [4]. An accepted versatile formulation of the gravity
current flow is via the inviscid shallow-water (SW) approximation, and the dam-break problem provides elegant and insightful
analytical solutions to these equations. This problem is therefore essential to the understanding of the initial motion of a gravity
current and an efficient tool for testing numerical solvers of the SW equations. However, no analytical investigations of the
dam-break problem for the gravity current in a stratified ambient have been presented, to our best knowledge. We think it is
both of academic and practical importance to close this gap of knowledge concerning this fundamental problem.

Recent investigations of gravity currents in a (linearly) stratified ambient were presented by Maxworthy et al. [5] and
by Ungarish and Huppert [6], hereafter referred to as UH. The former presented experimental measurements and numerical
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Fig. 1. Schematic description of the systeny at 0. (a) The geometry. Here the horizontal lengths are scaled with the length of the lock,
x0, and vertical lengths are scaled with the height of the ldgk, (In the elliptic lock system the dense fluid is initially in the domain
0<z< (=x2 —20)Y2 1 < x €0.) (b) Density profiles in the current (solid line) and ambient, for linear stratification at various values
of S (dashed lines).

simulations. UH developed the one-layer SW equations and the nose boundary condition, and obtained solutions for the nose
velocity, u 5, during the slumping phase of propagation with constant velocity. These theoretical results concerning the nose
velocity are in very good agreement with the experiments of Maxworthy et al. [5], see Fig. 6 and Section 3 of UH. UH did
not present SW solutions of the current, and therefore a logical step to advance the previous theoretical-analytical work is the
investigation of the dam-break problem. This study requires a detailed solution of the SW equations during a significant time
interval following the release from behind the lock, for which the previously calculatewvill serve as a reliable boundary
condition. The analysis is expected to provide insights into the modeling and understanding of the time-dependent constant-
volume gravity current (or intrusion) in a stratified ambient. We notice that, to our best knowledge, no reliable theoretical
predictive tools are available for the analysis of this phenomenon, and we think it would be beneficial to close the gap with the
non-stratified well developed counterpart.

These considerations motivated the present work, whose combined objectives are (a) to extend the dam-break problem to a
gravity current in a stratified ambient, and (b) to extend the study of UH to the initial motion of the entire gravity current via
the solution of the SW equations, and also to non-linear stratifications.

The system under consideration is sketched in Fig. 1: a layer of ambient fluid of Héigimd (stable) density, (z),
lies above the horizontal surfage= 0. Gravity acts in the-z direction. In the rectangular case considered here the system
is bounded by parallel vertical smooth impermeable surfaces and the current propagates in the direction.l&bgleen
volume of homogeneous fluid of densjty > o, (z = 0) = pp and kinematic viscosity, is initially at rest in a rectangular box
of heightig and lengthxg, bounded by a ‘dam’ (or gate) at= 0 and a solid wall ak = —xg. We assume that the height of
the dense fluid does not exceed that of the ambient. At tima® the dam is instantaneously removed, and a two-dimensional
current commences to spread. We assume that the Reynolds number of the horizonfé&fldefined below, is large and
hence viscous effects can be neglected. We attempt to predict the shape (position of nose and upper interface) of the dense flui
(current) and the main (horizontal) velocity field within.

The structure of the paper is as follows. In Section 2 the shallow-water equations of motion and the appropriate boundary
conditions are developed. Analytical and finite-difference solutions for the dam-break stage are presented in Section 3, for linear
and non-linear stratifications. Some numerical results of the Navier—Stokes equations are also presented for corroboration of
the SW predictions. The release from the classical rectangular reservoir is briefly contrasted with release from an elliptical
container. In Section 4 concluding remarks are given. The non-stratified counterpart results are summarized in Appendix A, and
a brief extension to the axisymmetric configuration is provided in Appendix B.

2. Formulation and shallow-water (SW) approximation

The configuration is sketched in Figs. 1 and 2. We ufe &, z} Cartesian coordinate system with corresponding, w}
velocity components, and assume that the flow does not depend on the cooycamate¢hatv = O. Initially, the height of the
released current ik, its length isxg and the density ig.. The height of the ambient fluid i§ and the density in this domain
decreases with from pp, to p,. (The subscript, o refer to bottom and open surface values.)

Itis convenient to use, as the reference density and to introduce the reduced density differences

PC—PD’ €p = Pb_po’ (2.1)
Po Po
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Fig. 2. Schematic description of the current during the initial dam-break stage. (a) Geometrglane; (b) characteristics ity plane (here
point O is the origin).

and

s=% 2.2)
€

from which it follows that

pe=po(L+€),  pa(z)=po[l+eSa(r)], (2.33)

whereo (z) represents the form (shape) of stratification, a continuous and typically decreasing (allowing for some piecewise
constant regions) function afe [0, H], subject to

o(0)=1, o(H)=0. (2.4)
The most common case is the linear stratification,
Z
Olinear(z) =1— H (2.5)

We shall consider only & S < 1. The classical homogeneous ambient case is recovered by setiily We also define the
reference reduced gravity,

g =eg, (2.6)
whereg is the gravitational acceleration. The buoyancy frequency is giveNBy= —g’S(do/dz), and, for the linear case,
N2=¢'S/H.

Following UH, we use a one-layer approximation which is expected to capture many of the important features of the flow,
although it discards the internal waves in the ambient, as discussed in Section 2.3. This is the simplest shallow-water model, and
therefore provides a convenient (perhaps even necessary) idealization for the analytical discussion of the dam-break stage. The
dense fluid is separated from the ambient fluid by a sharp intetfack(x, 1), —xg < x < xn(¢), wherexy (¢) is the position
of the vertical nose, assumed a shock discontinuity. The subsérige¢notes the nose of the current. We assume that in the
ambient fluid domaim = v = w = 0 and hence the fluid is in purely hydrostatic balance and maintains the initial dep&ily
The motion is assumed to take place in the lower layer of dense fluid enly< x < xy(¢) and 0< z < h(x, t). Here the
motion is governed by the balance between pressure and inertia forces in the horizontal direction. We asduame employ
the Boussinesq approximation.

In the motionless ambient fluid, which is open to the atmosphere, the pressure does not depeaddthe hydrostatic
balancesp;/0z = —p; g, wherei = a or ¢, and use of (2.3) yield

Z

pa(z,t)=—po[z+eS/0(z/)dz/}g+C, (2.7)
0

pe(x,z,1) = —po(l+e€)gz + f(x,1). (2.8)

Pressure continuity at the interfagce- 4 (x, r) determines the functioyi(x, t) of (2.8) and we obtain, after some algebra,
h(x,t)
pe(x,2,1) = —po(L+€)gz + pog’ [h(x, RN f o(Z) dz/} +C, (2.9)
0
and consequently
pc

,0h
o =P8 5[1_&7(11)]' (2.10)
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2.1. Governing SW equations

It is convenient to scale the dimensional variables (denoted here by asterisks) as follows
(X, 2%, %, H* %, u™, p*} = {xox, hoz, hoh, hoH, Tt, Uu, poU%p}, (2.11)
where
U= (hog)? and T =xp/U. (2.12)

Herehq andxg are the initial height and length of the currebit,s a typical inertial velocity of propagation of the nose of the
current andr’ is a typical time period for longitudinal propagation over a typical distapcd& hese scalings are convenient for
comparisons with previous papers on both stratified and homogeneous cases.

Hereafter, dimensionless variables will be used. In our configurafibipsl.

We employ the inviscid Boussinesq fluid simplifications, under the assumptions that the typical Reynolds Rexnber,
Uhg/v, is large, and the relative density differenegis small. Thez-average of the horizontal momentum equation, on account
of (2.10), and in conjunction with volume continuity, produces a system of equations for the height of the intgxface and
for the averaged longitudinal velocity(x, r). In characteristic form these simplified continuity and momentum equations are

h[ u h hx _ 0
|:u,]+[1—So(h) ui||:uxi|_|:0i|' (2.13)
2.2. Characteristics and boundary conditions

For the stratification assumed in this study the coefficient matrix of (2.13) has real eigenvalues and a full set of eigenvectors,
and hence the system (2.13) is hyperbolic, like in the homogengeus classical case.
Following the standard procedure, we obtain the characteristic speeds of propagation,

cx =u+ [h(1—So(m)]"?, (2.14)
and the relationships between the variables on the trajectories with & c4,

_ 1/2
[%] dh + du = 0. (2.15)

The initial conditions for the dam-break problem are: zero velocity and unit dimensionless height and lengtb. dthe
boundary conditions are: the velocity at= —1 is zero, and an additional condition for the veloaitys needed at the nose
x =xp(1).

In the classical hydraulic dam-break problem the nose height of the water (that propagates against the negligible resistance of
the embedding air) decreases smoothly to zesg,dt), and hence the nose velocity follows straightforwardly from the internal
solution, see Appendix A. For the gravity current case the nose, that encounters the resistance of the quite dense embedding
fluid, is a discontinuity, and the proper boundary condition for the velocity at the nose is essential for a proper physical definition
and mathematical closure of the problem, see Klemp et al. [4]. The consensus developed for the homogeneous ambient cas
is that the nose of a realistic space- and time-dependent gravity current obeys a local quasi-steady correlatiog @i
between the heighi and velocityu, whose essentials are provided by the idealized balance of flow forces and volume
continuity discussed by Benjamin [7].

UH argued that, like in the homogeneous ambient case, the velocity of the nose is proportional to the square-root of the
pressure head (per unit mass), and, moreover, that the factor of proportionality, defined as the FroudeFnpispeoyided
by the same correlation as in the homogeneous gravity current. These arguments are supported by the good agreement betwee
the calculated  and the experimental values of Maxworthy et al. [5]. We argue that these connections remain valid for a more
general stable stratification, as considered here. The needed pressure head is givenggyat z = 0 andx = xp, see (2.7)
and (2.9), scaled witlg’hg. The resulting nose velocity can be expressed as

uy =Fr(hy)hyl? x [L= sG] ™2, (2.16)

where
1
Alhy) = —fa(z)dz, 2.17)
hn
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and, in the particular linear stratification case, by (2.5) we obtain

A(hn) = Alineahn) =1 - %%N (2.18)
The term in the square brackets of (2.16) is smaller than % fo10, and expresses the explicit reduction of the driving pressure
force on the head due to the stratification effects.
The value ofFr, which is needed to close the formulation, is provided by the semi-empirical correlation derived by Huppet

and Simpson [8]
NEE (0< hy/H <0.075),
r= { 0.5HY30 M2 (0.075< hy/H < D).

Use of this correlation in this analysis is justified by (a) its extensive use in various non-stratified predictions, and hence we
are able to straightforwardly recover this caseSet 0, and (b) the good agreement (typically within 5%) of the SW velocity

of propagationy y, with laboratory and numerical experiments reported by UH (see Fig. 6 and Sections 3 and 4 there). These
agreements were obtained, without any adjustable parameter, over a wide range of the pasaaraldis(one can argue

that (2.19) contains an experimental adjustment, but this has not been introduced by UH). We emphasize that the subsequen
analysis of the dam-break flow is not affected by the exact form of the closure correlation (except for some minor numerical
details) and hence the conclusion remain valid for a more geRefa ).

(2.19)

2.3. Discussion

The foregoing closed formulation of the one-layer SW model for a quite general stratification is a versatile tool. It can
be easily extended to dam-break release from non-rectangular reservoirs, see Section 3.3, and axisymmetric configurations
(Appendix B). Moreover, this formulation is also effective in the investigation of intrusions (see [9]) and formation of lenses
in rotating systems (see [10]). The stratification enters the model by two effects: (a) the pressure gradient in the momentum
equation is reduced asincreases (this also affects the velocity and balances on the characteristics); and (b) the velocity of
the nose is reduced &sincreases. The simplifying assumptions introduced during the derivation of the model are expected
to impose restrictions on the range of applicability and accuracy of the model. These limitations cannot be firmly assessed at
this stage, but we rather expect that they will be inferred eventually by the interpretation of the results and comparison with
numerical and laboratory experiments (if and when available).

The assumption of unperturbeg (z) above and in front of the current gives rise to concerns, as follows. First, in real
configurations some density perturbations are expected because of the presence of internal gravity waves. The velocity of the
leading linear waves in the unperturbed fluid (Baines [11]) is, in the present scaling,

oy =+ 2 /ST (2.20)
b g

and a gravity current may be subcriticaly < u,,, or supercriticalu > u,,, during the initial slumping stage (depending
on H andS). One may therefore argue that the effect of the waves is insignificant for supercritical currents; this is consistent
with experimental observations. Moreover, there is experimental evidence that even in the subcritical case the waves start to
influence the motion only after a significant distance of propagation (see [5], Fig. 6), which we can estimate as follows. In
analogy with the “small amplitude topography” analysis of Baines ([11], Section 5.2), we can consider the dense fluid current
as an obstacle at the bottom of a moving bulk of stratified fluid. Hence the typical wave-length of the perturbation in the ambient,
scaled withxg, is A = ZH(H/S)l/Z(hO/xO)uN (consistent with the observation of [5] Fig. 14 for the subcritical regime). The
inherent time-dependent shape of the current during the relatively short slumping phase renders the steady-state features of th
classical investigations of the stratified flow over a fixed obstacle, and in particular Long’s model results, irrelevant to the present
problem. We use instead the empirical observation of [5] about waves that develop during the initial propagation. The first wave
is initially locked to the head, but after a while a second wave is generated, and next a relative motion begins between the head
and first wave. The head moves with the original velogity, during the formation of the first and second wave, and for the
additional period of time required for the trough of the first wave to catch up the nose. This observation leads to the estimate
that in subcritical currents the distance of propagation before the first head-wave interaction oce@rs/iS)4/2(ho/xg)u y .
approximately (i.e., two wave-lengths; this estimate is consistent with the experiments of [5]). The conclusion is that a well
defined initial slumping motion with constant velocity over a significant distance is expected for both sub- and super-critical
currents, with little influence from the internal gravity waves. Second, the streamline of the moving head is expected to elevate
the encountered isopycnals e iy . This local modification of the density is expected to make a minor contribution to the
global relevant pressure balances, at least for a deep ambient configukatiom..

The nose condition assumption (2.16) can be firmly justified only ista€0 limit, on account of the theoretical steady-state
analysis of Benjamin [7], and various subsequent tests and modifications, as discussed by Rottman and Simpson [12], Huppert
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and Simpson [8], Klemp et al. [4] and Ungarish and Zemach [13]. A theoretical result similar to Benjamin’s can be derived
for the more genera$ > O case, e.g. via the solution of Long’s steady-state inviscid model, but this complex task is beyond
the scope of the present investigation, and in any case the relevance of this solution to the propagation of a time-dependent
current is not obvious (see Baines [11]). The initial-value and the steady-state results of gravity current problems cannot be
straightforwardly matched; typical difficulties of “reconciliation” between the corresponding formulations are discussed by
Klemp et al. [4]. It turns out that some trial-and-error is necessary, and in this spirit we employ (2.16), because: (a) This is a
plausible closure formula, based on valid physical arguments, that involves the necessary dimensionless parameters, and ca
be easily replaced in the methodology of solution with other formulas when available. (b) This closure provided very good
agreements with experiments for the initial slumping veloaity, for a wide range ofS and H, as detailed in UH. Such
agreement cannot be a coincidence, and hence we are confident that this formula captures correctly the correlation between th
involved variables. We expect that the dedicated theoretical studies of the steady-state nose motion will end up with a result that
supports our formula, otherwise it will be difficult to bring them into accord with available measuretents.

Thus, in spite of imperfect assumptions and possible formal restrictions on the range of applicability, we think that this SW
theory is an acceptable starting point for the solution of the time-dependent gravity current. Criticism and improvements are
expected to develop in the process of solution and application in various circumstances. We must keep in mind that our reference
for performances must be the corresponding non-stratified one-layer SW model. We shall see that, in spite the aforementioned
concerns and restrictions contributed by the stratification of the ambient, the overall predictive powers of the Slas§ical
one-layer SW approximation are quite straightforwardly extended to the stratified ambient case, for the time intervals relevant
to the dam-break problem, at least.

3. Solutions

The numerical solution of the SW equations was performed by a finite-difference Lax—Wendroff scheme [14,15]. This
method has been used successfully for non-stratified 0) gravity currents in various circumstances (Bonnecaze et al. [16],
Ungarish and Huppert [17]) and here the necessary modifications of the equations fo<@ and boundary conditions were
made. The domair-1 < x < xp () was mapped into & y < 1, and the latter discretized into equidistant intervals. In this
work we used a grid with 200 intervals and time step 1/200. The results will be presented later.

Of particular interest to the present study are the analytical features of the solution, derived by the method of characteristics.
The typical expected behaviour that guides the analysis is presented in Fig. 2, in the physicat @laden the characteristic
planext. PointW represents the fixed position of the wall&£ —1). PointsL and M represent the moving loci of the end of
the unperturbed domain and start of nose-dominated domain. The intétfaag is inclined in theL M domain. The letteiV
represents the moving nose. Points the originx = 0,7 = 0 in the characteristic plane. We remark thatis not necessarily
to the right of the origin as sketched in Fig. 2.

Considering (2.15) we define

h

1 _ S h/ 1/2
r(h)zf[%] dn’, (3.1)
0
and consequently the balance on the characteristics (2.15) can be integrated to yield
u+71h)=ry, (3.2)
u—"rh) =r— (3.3)

for the trajectories d/dr = c4, see (2.14), on whicli'y are constants.

The W O L characteristic region is covered by characteristics that staet & in the domainc < 0 and carry the information
u=0andh=1,ie.. I+ =—I_ =7(1). Substitution of these conditions in (3.2), (3.3) yields- 0 andh = 1 in the entire
WO L domain. The characteristics that carry these values are straight lines, and thexdafygst pertinent domain is given
by the lineOL:

xp(t)=c_t=—[1-So(1)]Y?. (3.4)

We conclude that the stratification decreases the speed of backward propagation of goshtfenresult (3.4) is valid for
t <[1— So(1)]~Y/2, until L reaches the wall at = —1. This occurrence can be considered the end of the dam-break stage.

1 We may recall that in thé = 0 case Benjamin’s rigorous result was preceded by a similar formula derived about 30 years earlier by von
Kéarman from simplified arguments.
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Consider the solution of (3.2), (3.3) in tHe0 M domain of characteristics. Assume tlaat characteristics from the above
mentionedW O L domain enter the present domain, i.e. cQn

u+rh) =71, (3.5)

while thec_ characteristics are emanated from paingas a fan with various initiat, i.e.,

u—TMh=r- (hy<h<l (3.6)
on

% =c_=u—[h1-Som]Y? x©=0. (3.7)
The intersection of (3.5) and (3.6), and use of (3.7) yield, again,

u=7(1) — T (h) = const (3.8)

andh = const on the ray
~=u—[n(1=som)]"?. (3.9)

If (x/1) is a monotonic decreasing function/afthe lineO M is given by (3.8) and (3.9) with = A, .
Finally, the abovementioned; characteristics are expected to enter the characteristic ragioW whereu = up and
h = hy. The intersection of (3.8) with (2.16),

uy =T(D) = T(hy) =Frihyhs? x [1— SAGy) ], (3.10)
provides the value ofi;. The c— characteristics in the/ ON domain are lines parallel t& M and carry the consistent
informationu =uy, h=hy.

The essential dependency lofandu in the characteristic domaihOM is on (x/t), i.e., it contains the similarity of the
classical problem. Thus, the scaling lengghcan be chosen arbitrary to describe the motion unghcounters the back wall.

An inspection of the results shows that for the quite general stable stratifiegtipassumed here, both velocities andu
are monotonic functions df in the characteristic domaihO M; actually, bothc_ andu increase asé decreases from 1 tioy .
At all positions of interest the velocity is larger tham. This confirms the assumption that the domain of the gravity current is
covered by the considered characteristics. Also, this proves that no discontinuitiesiwofievelop in the solution of & S <1
cases, similar to the classicsil= 0 case.

Indeed, for § = 0 the classical non-stratified dam-break solution is immediately recovered from (3.1)—(3.10), see
Appendix A. There are, however, interesting differences in the details of the motion betweSn=tReand S > 0 cases.
In general, forS > 0 the solution in the characteristic domaih® M and M ON requires numerical evaluation af (h)
and A(hy), but analytical results can be derived for tiear case, see (2.5), to which we now proceed.

3.1. Linear stratificationg (z) =1—z/H
ConsiderS = 1. In this case (3.1) and (3.8) yield
T (h) 1 h =
= —n, u—=—
VH VH

whose substitution in (3.9) and arrangement give

(1—=h) O<h<hy) (3.11)

1 X 1/ 1 X 1 1
h=<= 1—«/H—>, =—(—+—>, ——— <x/t<—=(1-2hn 3.12
2( t =2 JH t v H */ \/H( V) ( :
in the regionLOM.
The value ofhy is provided by (3.10) and (2.18)
1 hy
uy=—=>0A—-hy)=Fr(hy)—, 3.13
N Jﬁ( N) ( N)ﬁ (3.13)

and the results are plotted in Fig. 3. In particular, fbe> 7.4, Fr = 1.19 and (3.13) gives y = 0.543. The same equation and
results forhy anduy have been obtained by UH without solving the details of the region behind the nose.

A typical comparison between the analytical and numerical dam-break results is shown in Fig. 4. The agreement is, as
expected, excellent, which provides a straightforward verification of both solutions. The remarkable features for the linear
stratification withS = 1 are (a) the profile of: vs x in the LM domain is linear, in contrast to the parabolic shape in the



M. Ungarish / European Journal of Mechanics B/Fluids 24 (2005) 642—-658

09F - = — — — Lo oo o Lo 1o -_-__3

Y S A B BN B S B

09F - - - - - Lo

Fig. 3. Linear stratification; y andu y as a function of§ for variousH .

19 $=1.0,H=3 05
09 F z t-0.5,1.0,1.5
08 0.4
$§=10,H=3
07 f
t-0.5,1.0,1.5
06 03
< o5F s
04fF 02
03f
02fF 01
01 F
° ! L s : 4 | L J
-1 05 05 1 A 05 0 05 1
x x
$=05H=3 05
t-0.5,1.0,1.5
0.4
S=05H=3
t-0.5,1.0,1.5
03
s
04fF 02
03fF A
02fF 01
°
01 fF
o 1 L | 4 L )
1 05 5 1 1 05 5 1

x

I
0
x

649

Fig. 4. Analytical (lines) and SW numerical (symbols) results; 6f) andu(x) atr = 0.5, 1.0, 1.5, for linear stratification and/ =3. S =1

(upper figures) and = 0.5 (lower figures).

S =0 case, see (A.3), and (b) positian (i.e., the start of the rectangular region which trails the nose) propagates backward

(hpy =hy >05forall H > 1).
Consider O< S < 1. The manipulation of (3.1) suggests the transformation

H A\ 121712
A=a-9)5. ¥=$(h)=[l+A(§) ﬂ ,

and, after some algebra, we obtain
Y(h)=Af(§)

where

& 1 &+1

Substitution in (3.8)—(3.9) gives, for the characteristic domiainv/,

[ =

u=u)=A[fE — f&)], ;ZA[f(EL)—f(S)— 21

] ErL <&E<én),

(3.14)

(3.15)

(3.16)

(3.17)
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whereg; =&(1) andéy, =&(hy) (recall thathy, = hy).
The value ofhy is provided by (3.10) and (2.18)

1/2
uy = A[fEL) — fEN)] = Frihy? x [1— S(l— %%N)] : (3.18)
and the results are displayed in Fig. 3. Again, a similar equation and resultg fandu ; have been obtained by UH without

solving the details of the region behind the nose.

The analytical predictions for the dam-break propagation for the £as€.5, H = 3 and comparison with the numerical
solution of the SW equations are shown in Fig. 4. The agreement between the analytical and numerical solutions is perfect
before the backward-moving wavereaches the wall at = —1. Afterwards, the forward-moving reflected wave, not captured
by the present analytical solution, influences the interface near the wall. Again, Moprbpagates backward, like in the
previousS = 1 case. Actually, for theS = 1 caseu; < O for all H, but for smallerS and largeH, u;; may be positive. (We
emphasize that the details given here are for the préserdrrelation.)

The foregoing results are encouraging because they display acceptable physical behaviour and trends of the dam-break stag
of the gravity current, and are a quite straightforward extension of the homoges§ieo0scase. It is of course important to
strengthen the agreement with the true physical system. The experiments of [5] confirm the existence of motion with constant
uy during the initial stage of propagation, in accordance with the dam-break prediction, and the quantitative agreement of
the theoretical j with these experiments has been assessed by UH. However, these experiments were not concerned directly
with the initial dam-break behaviour. We use here “numerical experiments” to gain some insight into this issue. The simulation
is performed via a finite-difference solution of the Navier—Stokes equations in two dimensions, formulated for the variables
(u, w, p, ), whereg is the reduced density function whose value is 1 in the current, and 0 at the tSpeatioe bottom of the
ambient, respectively. No slip conditions are applied on the bottom, back and front boundaries of the container (tank), while the
top boundary of the container is treated as a frictionless lid. This makes the simulation compatible with real rectangular open-
tank laboratory systems. Forward-time and central-space discretizations are used in the continuity and momentum equations,
and MacCormack’s forward—backward explicit method is used for the density function convection equation to prevent spurious
oscillations at the interface. More details about this code are described in UH. The numerical code has been used and verified
in various problems of gravity currents and stratified flows (UM, [18,19]). By numerical tests and analysis we estimate that
the numerical errors of the velocity field in the currents simulated here are less than 1%. We consider currdiits-\8ith
S =1 and 05 whose SW results were discussed above. Corresponding results for the non-sfatifiezhse are also given in
Appendix A. In the simulations = 0.05 andRe= Uhg/v = 8333; the initial aspect ratiog/ hg = 4, the horizontal length of
the channel is B, the grid is 200« 200, and the time-step@1. This configuration is compatible with laboratory salt-water
experiments in an open tank of about 30 gri50 cm (heightx length) and at least 10 cm width.

Density contour plots at= 1 and 15 are displayed in Fig. 5 (see also Fig. 12 in Appendix A). The Navier—Stokes sim-
ulations display a fair global agreement with the SW predictions. The dense fluid displays, after a quick adjustment motion,
flow-field domains that can be identified with the regions of FigM2y following the head L M with inclined interface, and
unperturbed. W. The nose is a prominent discontinuity and propagates with velocity close to the predjctbaleed, the SW
predictions are that at= 1.5 the nose is aty = 0.33 and 071 for S = 1 and 05, respectively (see Fig. 4), which is in very
good agreement with the position of the nose obtained in the Navier—Stokes simulations, Fig. 5. The head is higher and slower
for the largerS case. The depression wave of the interface reaches thecwalt 1 at (approximately) the time predicted by
the SW theory. However, the shape on the interface in dohadndiffers from the SW predictions, perhaps as a result of the
strong shear about the interface in the real flow. We emphasize that this discrepancy between the SW and Navier—Stokes result:
is also observed in the homogenedus 0 case.

Contour lines of the simulated(x, z, ¢) fields atr = 1 and 2 are shown in Fig. 6 (see also Fig. 13 in Appendix A). The
comparison with the SW results (see Fig. 4) indicates fair agreement i tfe(practically, x < 0) domain; however, in
the domain of fluid that trails the nosedisplays some fluctuations about the constant (average) value predicted by the SW
theory. This is not surprising, since the nose of a real gravity current is known to be a very complicated flow-field (Simpson
and Britter [20], Hartel et al. [21]), and the SW theory lumps this behaviour in an idealized jump condition. We emphasize that
this deviation from the SW theory is not a result of the stratification; in this respect, the non-st&tfi@gimulations are not
different from theS = 1 and 05 cases.

Fig. 5 shows that, as expected, the release of the current in the stratified ambient produces significant perturbations in the
ambient density field, in particular above the head. This effect is omitted in the present one-layer SW formulation. The leading
internal wave velocity is, see (2.20),5% and 040 for theS = 1 and 05 cases presented here, while the correspondjng
is 0.22 and 047. Therefore, the = 1 case is “subcritical” and the second one “supercritical”. In the first case, the elevation of
the density contours from the initial position is more pronounced, but in the time interval displayed here this difference is not of
real significance to the motion of the current. In both cases, the major deviation of the density contours from the initial level is
above the nose — then this line returns to its initial height, approximately=ad. The SW theory predicts that= iy = const
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t=1 S=1 t=15

X

Fig. 5. Navier—Stokes numerical results: contours of the density fungtierip (x, z,1) — po1/(€po) at two times, forS = 1 (upper figures)
and 0.5 (lower figures). In both cas#s= 3. (Recall that at = O: in the dense fluig = 1, while in the ambienp = 0 at the top and = S at
the bottom.)

in this region (0< x < hy, approximately) and that the density of the ambient above it is the unperturbed one at this level.
This seems to be a fair approximation, on the average above the head, for the time periods considered here. Also, we observe
that the perturbation of density in front of the current head is small at these times. Consequently, the global pressure head
driving force balance calculated from the unperturbed hydrostatic balance can be expected to remain validity in spite of the
local density waves. This vindicates the use of (2.10) and (2.16) during the initial period of propagation for both subcritical and
supercriticab: y .

Indeed, as mentioned in Section 2.3, the waves interact with the head when its speed is “subcritical”, but the first significant
effect occurs after a distance of propagation of at least/ )1/ 2(ho/xo)u N ~ 1.2 in the example, and the time to this
occurrence is B at least. The time of formation and propagation of this interaction effect exceed the pertinent dam-break time
interval, and we therefore expect that these waves do not affect the presently investigated dam-break motion. We think that the
present results indicate that in many interesting configurations the waves can be added to the flow-field of this model at a later
stage of propagation, but this is a quite complicated topic that we leave for future investigation.

3.2. Non-linear stratification

In practical circumstances the density of the ambigpt= po[1 + €So (z)], is not necessarily a linear function of For
example, sampling the fluid in an experimental tank after the double-bucket filling procedure, often reveals some deviations
from the idealized lineas (z). Diffusion is able to eventually linearize the profile, but this requires the postponement of the
experiment for several hours, typically. The present formulation allows the incorporation of a nonslipgaas follows. The
analytical results (3.4)—(3.10) remain valid. However, the integidlsy ) and Y (), see (2.17) and (3.1), require, in general,

a numerical evaluation for a non-linearz). This is a straightforward task (including, of course, cases of measured profiles).
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Fig. 6. Navier—Stokes numerical results: contours of the horizontal velo¢ityz) at two times, forS = 1 (upper figures) and 0.5 (lower
figures). In both cased = 3.
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Fig. 7. Analytical results of (x) andu(x) att =1, for S = 0.5, H = 3, different stratifications: (&3 (z) =1— (z/H) + 0.5(z/H)[1— (z/H)],
full line; (b) o(z) =1— (z/H) — 0.5(z/H)[1 — (z/H)], dashed line; (c) linear (z) = 1 — (z/H), dotted line.

Here we briefly illustrate the influence of this effect on the dam-break flow results. We consider, again, the-dase
H = 3. Now we incorporate in the analysis deviations about the linear stratification, namely, we produce solutions for the two
density functions

0(z) = Olinear(z) 0‘5(Z/H)[1 - (Z/H)]-

The influence of the last term is shown in Fig. 7 via a comparison to the linear case. The deeregsge., when the

minus sign in the previous equation is taken) produces largeand |« |, and vice-versa. This could be anticipated: when

the deviation is towards the homogeneous ambient, the flow tends to the homogeneous case results. Fat boti-linear

density deviations, the quantitative deviationsiadindu results from the behaviour predicted for the linear stratification are
relatively small. This is because the contributions of the tested non-linear terms to the integrals (2.17) and (3.1) turn out to be
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small. This result is expected to be typical. Evidently, a more complex non-linear density profile can be easily accommodated
by the present procedure if necessary in the interpretation of experimental and environmental data.
The non-linear stratification features may also be of interest in future studies on the stability of the flow.

3.3. Elliptical (or cylindrical) lock

The rectangular lock reservoir used in the foregoing investigation of the dam-break problem is a very special configuration.
An interesting question is what changes and similarities in the resulting flow field are expected when the gravity current is
released, again in a two-dimensional configuration, but from a lock (reservoir) of a different shape. To gain some insights
we consider an elliptical (or cylindrical) reservoir, i.e. the initial condition

hix,t=0)=x(x)=(—x*—20)Y? (—1<x<0). (3.19)

This shape may be relevant to atmospheric and oceanic currents generated by the collapse of a naturally produced (and henc
more likely of a round shaped than rectangular initial contour) mixed region of stratified fluid. The initial velocity is zero. We
consider the linearly stratified ambient.

A closed analytical solution by the method of characteristics like in the rectangular problem is not feasible. However, some
simple useful approximations for the initial motion can be obtained. We attempt an expansiandfof the displacement
of the interface in powers af (for + <« 1). Substitution in the governing equations (2.13) yields the leading terms ot,
-1<x<0)

1—
u=(x+ 1)[% + x(xf]t’ (3.20)

2_
S 2(x+1) 1ﬁ' 3.21)

1
= 2[1 STHT
(The next terms are @) for u and Q%) for h, but the coefficients are cumbersome.) The (quite weak) singular behaviour of
the time dependent terms.as~> 0~ is relaxed by the development of a nose of increasing haighthat propagates forwardly.
The details cannot be obtained from this approximation, but continuity with (3.20) and characteristic balances indicate that
hy =~ 0.5¢. The approximation (3.20), (3.21) points out the essential differences between the flow-fields after release from a
rectangular and a cylindrical lock. In the former case, the perturbation propagates slowly from the nose into the reservoir, and a
(shrinking) domain of unperturbed fluid & 1, u = 0) can be found for some time £ 1) after release. In the latter case, the
motion begins instantaneously in the entire body of dense fluid. The interface descends near thereadviadind rises in the
frontal region, whilex develops an increasing withprofile. The obvious reason for this behaviour is the fact that a significant
horizontal pressure gradient exists in the stationary dense fluid in the elliptical lock (proportional to the initie) ahile
in the rectangular lock this effect is absent. The stratification of the ambient, represerftecetyces the initial effect of the
pressure gradient.

The finite-difference solution of the SW equations for this configuration by our code (developed for the classical rectangular
lock) turned out to be a straightforward task. The numerical initial conditions feere changed to values provided by (3.19)
for the internal grid points, and a small non-zérg (typically 0.01) was taken at = x = 0. The results were subjected
to various convergence tests and we concluded that the numerical accuracy is similar to that of the classical rectangular case.
Results for a configuration with = 0.5 andH = 3 are presented in Figs. 8 and 9.

Fig. 8 depicts the behaviour &f andu for small . We can see that approximate results capture well the features of the
initial behaviour in the domair-1 < x < 0. The numerical SW results show tha} increases quickly from zero (the value 0.3
is reached at = 0.6). During the initial time the maximum of in the dense fluid is attained at~ 0. Overall, the foregoing
interpretation of the initial motion as a result of the pressure gradient is confirmed. The initial motion predicted by the inviscid
SW model displays strong velocity gradients in the domain0< x . This will certainly involve viscous smoothing, mixing
and hindrance effects in a real fluid.

Fig. 9 illustrates the behaviour of the current at more advanced times, when some rather surprising features appear. While
the rear part of the interface-( < x < 0) descends and flattens horizontallyy increases until it attains the value of a
slumping rectangular counterpart, cf. Fig. 4,at 2. However, thec characteristics that reach the nose are emanated by
a domain of varying: and, and therefore this value dfy cannot be maintained. Indeed, afterwahgls decreases, and a
rectangular region of constaht(like that which trails the nose in the rectangular-lock case) does not develop. In Fig. 9(b)
we see that the velocity of propagatiany, has a clear acceleration—deceleration behaviour, as opposed to the cogstant
which appears in the rectangular-lock case. However, the maximal velocity of the nose in the cylindrical-lock case is equal
to u of the slumping rectangular-lock current. Again, a stage of constardoes not develop, but we note that foxk < 3
the values oy do not differ much from the maximum. Practically (i.e., for experimental verifications) the currents released
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Fig. 8. Cylindrical-lock release faf = 0.5, H = 3, profiles ofz andu as functions ofc at various times. SW numerical results (solid line) and
analytical approximations (dashed line).
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Fig. 9. Cylindrical-lock release fof = 0.5, H = 3, SW numerical results. (a) Profiles bfas a function ofc at various times; (byy as a
function of time (solid line), and also shown the values for the rectangular-lock counterpart (dotted line).
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Fig. 10. Cylindrical-lock release faf = 0.5, H = 3, Navier-Stokes numerical contours of the current at various timesgfap = 1.

from cylindrical and rectangular locks are expected to display very similar distances of propagation (the valu@s ot 5
are 221 and 235, respectively), although the volume of the former current is by about 21% smaller. The main difference would
be a more pronounced acceleration—deceleration pattern, with a sharp maximum, for the cylindrical lock.

Navier—Stokes simulated profiles of the current,fet 0.5, H = 3, hg/xg = 1 andRe= Uhg/v = 1.7 x 104, are presented
in Fig. 10. These results corroborate the global insights provided by the SW analysis. The SW model captures well the tendency
of the cylinder to first flatten to an approximately rectangular shape, then of the bulkif to become thinner than the
front. The development of the flow in the NS simulations is slightly slower than in the SW prediction. The mean velocity of
propagation in the time interval 1 to 4 is about 0.40 in the NS simulation, about 10% less than the SW prediction. This can be
attributed to the viscous effects which are expected to play a significant role during the initial stage, when the head is thin and
the velocity is small. On the other hand, it is encouraging to note that the theory provides useful results evepfoipthel
cases (although, formally, the SW results are restrictég)fag < 1).

4. Concluding remarks

The dam-break problem solution for the release of a gravity current has been extended to the case of a stratified ambient.
We showed that the one-layer shallow-water (SW) formulation of UH, extended here to non-linear stratifications, is amenable
to analytical solutions (by the method of characteristics). For linear stratification closed formulas were obtained, and in the
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more general case some simple numerical quadratures may be necessary for expressing the height of thé: jrieddhe,
velocity, u, as functions ofv and¢. The SW equations were also solved by a finite-difference Lax—Wendroff scheme, and
comparisons show excellent agreement with the analytical predictions. In the limit of zero stratifiSatidd) the classical
one-layer dam-break solution is identically recovered.

Qualitatively, the stratified and non-stratified cases are similar: after the removal of the gateGatthree regions form
instantaneously: a shrinking domain of unperturbed fluid on one sigeQ), a domain of constant heighf; and velocityu y
on the other sidex(> 0), and in between a matching domain of continuously varyirgnd . The details depend on the
magnitude and shape of stratificatichando (z). In particular, the rate of propagation of the current and shrinking of the
unperturbed region are reduced wheincreases. For linear stratification in which the density of the ambient at the base is
equal to that of the currentS(= 1), & displays a linear dependency anin the matching region, quite different from the
parabolic profile in the classicdl= 0 case. No internal discontinuities (shocks) develop.

The present results provide (a) insights into the initial behaviour of the current and influence of the main dimensionless
parameters, (b) a convenient tool for the validation of numerical codes, and (c) a reliable starting flow-field for the investigation
of additional effects, such as waves, stability and mixing. The effect of non-linear stratification is of interest in the interpretation
of experimental and environmental data for which deviations from the linear stratification are common. Moreover, the present
SW results provide the link between the slumping motion of the nose predicted by UH and the motion in the entire bulk of dense
fluid. The good agreement between the predietgdand the experiments of Maxworthy et al. [5] reported by UH strengthen
the physical relevance of the theoretical analysis.

The classical dam-break configuration considers a rectangular reservoir of dense fluid. We contrasted it with the expected
behaviour of release from a cylindrical lock. In the second case a pronounced acceleration—deceleration velocity of propagation
is expected (in the time interval for which the first case displays a constant velocity). The maximal velocity of propagation, and
the effect of stratification, are the same for both cases.

Additional support to the SW insights has been provided in this work by numerical solutions of the full Navier—Stokes
equations. Overall, the essentials of the motion are captured well by the averaged simplified SW model, and, in our opinion,
the performances of the model are the sameSfer 0 and O< S < 1 during the dam-break time interval, at least. However,
there are some features that require further attention. Experiment and the Navier—Stokes solution indicate that the release of the
current produces significant perturbations in the ambient density field, in particular above the head. The propagation of these
stratification waves created by the dam-break is an interesting topic for future investigation, perhaps along the lines of Schooley
and Hughes [22] and of Baines [11] (regarding the current as an obstacle at the bottom of a moving stratified fluid); but the
coupling between the current and the waves produces a formidable analytical problem. There is experimental and numerical
evidence (see [5,9]) that these waves may interact eventually with the head of the current and hinder its propagation. However, in
the present investigation of the dam-break initial stage of motion no significant difference between subcritical and supercritical
currents was detected.

The present SW formulation uses the one-layer model, which discards the motion of the ambient fluid and thus prevents the
investigation of coupling effects between the upper and lower layers of fluid. In non-stratified circumstances the influence of
the upper layer is very significant for configurations with< 2, as pointed out by Rottman and Simpson [12], Klemp et al. [4]
and Ungarish and Zemach [13]. These studies show that the influence of the upper layer is quite accurately reproduced by the
two-layer SW model. Whei#7 < 2, the most pronounced feature during the dam-break stage is the formation of a backward-
moving discontinuity (jump) of: at positionL (which is subsequently reflected at= —1 as a forward-moving bore). In
addition, whenH approaches 1, the slumping distance of propagation with constaig significantly prolonged, and in some
circumstances the maximum velocity of the characteristic imposes choking limitations on the propagation of the nose. The
one-layer model misses these effects fb< 2, but predicts fairly well the initial velocity of propagation. For larfe(> 3,
say) the differences between the two and one-layer models are rather academic. For the stratified case the corresponding effect
and deficiencies of the one-layer model #@r< 2 (say) are not known. The big theoretical challenge here is the formulation
of a clear-cut two-layer SW model. In the homogeneous ambient it makes sense to represent the motion in the upper layer by a
z-independent vertical velocityo (x, 1) = —u(x, t)h(x, t)/[H — h(x,t)]. The straightforward extension of this approximation
to the stratified ambient is not expected to be valid because of the resistance to horizontal displacements and formation of waves
and critical layers, see [11]. In any case, the one-layer model remains relevant in the investigation of the dam-break problem
because it is amenable to analytical solutions which provide useful insights and guidelines.

These topics are left for future work. The precise formulation of the nose condition in a stratified ambient is also a topic
that needs additional investigation in analytical, experimental and numerical directions. The condition used in this work can
be replaced with other correlations when available. This allows the practical verification of new suggestions, and also the
improvement of the present model.

The release of a gravity current from a cylindrical container into a stratified ambient is the axisymmetric counterpart of the
foregoing investigation. This problem is also of interest, but not amenable to simple analytical solutions because of additional
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curvature terms in the equations of motion. On the other hand, the Lax—Wendroff solver can be extended to this geometry. Some
typical results are given in Appendix B.
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Appendix A. Non-stratified S =0 results

In this case (3.1) gives
T(h)=2vh (A1)

and hence in the characterisfO N domain, according to (3.8), (3.9),

X

u=21-h), on?=2—3«/ﬁ (hy <h<1D). (A.2)
This can be reformulated as
1 2 2
h=§<2—§>, u:§<1+;), —1<§<2—3,/h,\,. (A3)

In Saint-Venant's solution of the water-air dam break the nose condition is simpdy 0.
For the gravity current that propagates into a fluid of slightly different density, the valug & provided by (3.10)

21— /hy) =Fr(hy)v/hy. (A4)

Results of the SW formulation are presented in Fig. 11. The backward-moving expansion wave reaches the=whll at
which explains the discrepancy between the present analytical and Lax—Wendroff solution at later times.
Results of the Navier—Stokes solution (for details see Section 3.1) are presented in Figs. 12 and 13.

Appendix B. Axisymmetric configuration

Consider an axisymmetric cylindrical configuration similar to that of Fig. 1. The axis of symmetmplaces the wall.
Let r be the radial coordinate. The radius of the lock cylindgris used to replaceg in the scaling (2.11), (2.12). (Roughly,
r replacest + 1 in previous notation.)

The governing SW equations are given by the system (2.13) with the modifications: (a)dirvatives changed to
derivatives, and (b) the RHS of the continuity equationig:/r. The characteristic velocities are not affected, but that curvature
term contributes-a(h)uh dt/r to the RHS of the characteristic balance (2.15), wiaghg is the coefficient of d in (2.15). The
previous analytical solutions of the SW equations could not be extended to this case, but the numerical Lax—Wendroff scheme
was modified to incorporate the additional terms. Results are presented in Fig. 14 for the same parameters as Fig. 4. At short
time intervals after release the rectangular and axisymmetric dam-break flows are very similar, but eventually the curvature
terms introduce significant differences.

J $=0,H=3
z

$=0,H=3

t-0.5,1.0,15 1-0.5,1.0,15

!
[ 05 1
x x

Fig. 11. Analytical (lines) and SW numerical (symbols) resultg;@f) andu(x) atz = 0.5, 1.0, 1.5, for non-stratifieds = O case.
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